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We have performed fully relativistic first-principles density functional calculations for non-magnetic
B20-type CoSi. The spin-orbit interaction has crucial effects on the electronic structures of a chiral
crystal. The calculated band structure around the Fermi energy shows Bloch vector k-linear disper-
sion expressed by a real-spin Weyl Hamiltonian, i.e., a mass-less Dirac Hamiltonian. We found the
hedgehog-like spin textures in Bloch k-vector space (momentum space) on the isoenergy surface
around the Γ point. The Fermi velocity for k-linear dispersion is about 0.22vgF , where v
g
F is the
Fermi velocity of graphene.
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1. Introduction
B20-type monosilicides, such as MSi (M :transition metal), are known to show anomalous elec-
trical and magnetic properties at low temperatures; examples include a Kondo insulator in FeSi [1]
and a helical spin structure in MnSi [2] and Fe1−xCoxSi [3]. The helical magnetic structures are
thought to be due to a lack of an inversion center in its crystal structure. Then, the Dzyaloshinskii-
Moriya interactions [4, 5] are induced by a relativistic spin-orbit interaction (SOI) effect. Recently,
the spin-vortex, skyrmion-lattice phase was discovered in the B20-type monosilicides [6, 7] and the
peculiar spin textures are expected to be applicable for spintronics applications [8].
In addition to the relativistic SOI effect on the spin textures in real space, there also exist rel-
ativistic SOI effects on the spin textures in the momentum space. In nonmagnetic systems, with
time-reversal symmetry, the breaking of the inversion symmetry of the crystal has a crucial effect
on the electronic structures. In general, the eigenenergies depends on the Bloch-states vector k
and spin vector σ. There is a relationship between the energies due to the time-reversal symmetry
E(k,σ) = E(−k,−σ), as well as the space inversion symmetry E(k,σ) = E(−k,σ). There-
fore, if the system has both symmetries, the electronic states at every k-point has doubly degenerate
eigenenergies, as E(k,σ) = E(k,−σ). On the other hand, if the system does not have space in-
version symmetry, the eigenenergies have spin splitting, i.e., E(k,σ) 6= E(k,−σ), except for the
time-reversal invariant k-points, k = 0,Gi/2, where Gi(i = 1, 2, 3) is the reciprocal lattice vector.
This spin-splitting is known for the structural inversion asymmetry (SIA) induced SOI effect.
The Rashba effect [9] and Dresselhaus effect [10] are well known for polar semiconductors and
their heterostructures. The k-dependent spin Hamiltonian in noncentrosymmetric superconductors
[11–13] and spin textures on the surface of materials [14, 15] have been extensively studied in this
context. Recently, the SIA-induced SOI effect has attracted much attention because it induces the
current-driven spin transfer torque [16]. Although there have been several studies on the electronic
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structures of CoSi [17–19], the SOI effect has not been considered.
In this paper, we have performed fully relativistic first-principles density functional calculations
for B20-type CoSi and discussed the effect of SOI in the electronic structure. Using noncollinear
spin-density functional theory implemented in OPENMX code [20], we investigated the spin texture and
electronic states. We found that the spin-splitting k-linear band structures, Dirac cone bands, can be
expressed by a real-spin Weyl Hamiltonian, i.e., Heff = vF (kxσx+kyσy+kzσz), where vF denotes
the Fermi velocity. The Dirac cone bands in CoSi originate from the B20 structure, chiral space
group P213. As reported in a previous study, Dirac cone bands already exist in the scalar-relativistic
(without SOI) band structure of CoSi [18]. Such spin-degenerated Dirac cone bands are expressed
by a pseudo-spin Weyl Hamiltonian, i.e., pseudo-spin mass-less Dirac Hamiltonian often discussed
in the graphene. Recently, the group theoretical derivation of a pseudo-spin Weyl Hamiltonian for
some space group has been reported [21]. Contrary to the pseudo-spin Weyl Hamiltonian, those of
the real-spin discussed in this paper are quite important for spin-dependent phenomena, as stated
before.
2. Methods
Using the OPENMX code [20], we performed fully relativistic first-principles electronic-structure
calculations based on density functional theory (DFT) within the generalized gradient approximation
(GGA) [22]. The norm-conserving pseudopotential method [23] was used. We used a linear combi-
nation of multiple pseudo atomic orbitals generated by a confinement scheme [24, 25]. We used an
(8,8,8) uniform k-point mesh. The pseudo atomic orbitals were expanded as follows: Co5.5-s3p3d3f1
and Si5.5-s3p3d1. The spin textures were calculated by post-processing calculation after the self-
consistent field potential was obtained, as in our previous study [26]. We calculated the k-space spin
density matrix Pσ,σ′(k, µ) using the spinor wave-function whose component is given byΨσ(r,k, µ) ,
obtained from the self-consistent calculations as follows: Pσ,σ′(k, µ) =
∫
drΨ∗σ(r,k, µ)Ψσ′(r,k, µ),
where µ is the band index and σ and σ′ are the spin indexes (↑, ↓), respectively. We deduced the spin
polarization in the k-space from the 2× 2 spin density matrix. Because the wave function Ψσ(r,k, µ)
is given by a linear combination of pseudo atomic orbitals, we can decompose the calculated spin po-
larization to its atomic components. The crystal structure we used in this study is the experimental
lattice constant and internal parameters: a=4.444A˚, xCo=0.143, xSi=0.844, for CoSi [27]. In addition
to the (x,x,x), there are three equivalent sites, 3 permutations of (x+1/2, 1/2-x, −x). Therefore, there
are 8 atoms in the unitcell.
3. Results and Discussions
Figure 1 shows the calculated electronic band structure of CoSi. Figure 1(a) shows a wide energy
range covering 2 eV above/below the Fermi energy (EF). The calculated band structure of CoSi is
similar to that of scalar-relativistic (without SOI) one [18], as well as those of B20-type FeSi [28],
MnSi [29, 30] and CoGe [31]. Around the EF and Γ point, there are two types of characteristic
dispersion bands. One is the Dirac cone-like k-linear dispersing bands (Dirac cone bands). The other
one is much less dispersing bands (flat bands). These characteristic band structures around the EF ,
composed of the Dirac cone bands and the flat bands, are considered to be the origin for the large
Seebeck coefficient [18, 31].
Next, we focused on the spin splitting around the EF . In particular, we are interested in the Dirac
cone bands; we plotted the band structure around the EF on the −M(−0.5,−0.5, 0) − Γ(0, 0, 0) −
M(0.5, 0.5, 0) symmetry line, as shown in Fig. 1 (b). The spin splitting of the bands can be seen,
except for the Γ point due to the SIA-induced SOI effect mentioned above. Here, we speculate the
symmetry character of the bands at the Γ-point around the EF based on the known double group
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character table [32]. Without considering SOI, the EF lies at the spin degenerate orbital triplet state
Γ4. Because of the SOI, the 6-fold degenerate Γ4 is split into a lower-energy doublet and two higher-
energy doublets. In other words, around below the EF at the Γ-point, there is a Γ5 doublet. Γ6 and
Γ7, two degenerate doublets, are above the EF. The spin-orbit splitting of CoSi at the Γ point is
about 54.6 meV. The Dirac cone bands cross above the EF. Then the so-called Weyl point is in the
degenerate doublets, Γ6 and Γ7.
We evaluated the Fermi velocity of the Dirac cone bands. The obtained Fermi velocity for one
of the Dirac cone bands, the higher energy band, is about 0.195 ×106 m/s, which is about 22% that
of graphene, 0.885 ×106 m/s. To proceed with the analysis of the Dirac cone bands, we extracted
the Dirac cone band as shown in Fig. 2(a). We also plotted the calculated spin polarization P (Px,
Py, Pz) as a vector arrow on the bands. Because the −M − Γ − M line lies in the kxky plane,
we projected the Px and Py component on the line (horizontal axis) and plotted the Pz component
on the vertical axis. The horizontal arrows in Fig. 2 (a) mean that there is no Pz component. This
result is consistent with the Dirac cone bands expressed by the real-spin Weyl Hamiltonian, i.e.,
Heff = vF (kxσx + kyσy + kzσz).
Figure 2 (b) shows the band structure around the Γ-point above the Weyl point. There are two
bands; one band is the linear dispersing Dirac cone band, and the other is a relatively parabolic
band. The parabolic band is connected to the flat band below the band crossing point. Here, we are
interested in the differences in the magnitude of spin polarization between the Dirac cone band and
parabolic band. As seen in Fig. 2(b), the magnitude of the spin polarization of the parabolic band
decreases when it is close to the degenerate point. On the other hand, as seen in Fig. 2(a) and (b), the
magnitude of the spin polarization in the Dirac cone band is almost constant. The magnitude of the
spin polarization of the Dirac cone band is twice as large as that of the parabolic band for the states
at 0.06 eV above the EF, as shown in Fig. 2 (c). We decomposed the spin polarization to the atomic
components. As a result, at states 0.06 eV above the EF, the spin polarization consists of more than
80 percent Co orbitals for both Dirac cone and parabolic bands.
We show the hedgehog-like spin texture on the isoenergy for 0.2 eV above the Fermi energy
in Fig. 3. The spin texture of the lower-energy parabolic dispersion shows spin directed from the Γ
point outwards, as shown in Fig. 3(a). On the other hands, the spin texture of the higher-energy linear
dispersion shows spin directed towards the Γ point, as shown in Fig. 3(b). These results indicate that
both the Dirac cone bands and parabolic bands are expressed by the real-spin Weyl Hamiltonian.
The origin of hedgehog-like spin texture is the chiral crystal structure. Space group P213 does
not have mirror symmetry, so the spin Hamiltonian, which is linear in k, will have a nonzero kiσi(i =
x, y, z) term. If we have mxy mirror symmetry where the mirror plane lies in the xy plane, the polar
vector k(kx, ky, kz) is transformed to (kx, ky,−kz) and the axial vector σ(σx, σy, σz) is transformed
to (−σx,−σy, σz). Then, the kiσi(i = x, y, z) terms disappear in the non-chiral crystal structure.
There are twelve symmetry operations in space group P213, {E, 4C3, 4C23, 3C2 }. We can derive the
Weyl Hamiltonian from the rotational invariant condition for the Hamiltonian. Thus, in space group
P213, kiσi(i = x, y, z) terms only remain in the Hamiltonian. The spin Hamiltonian can also be
derived from group theory [11, 14, 15, 33]. Our derivation of the spin Hamiltonian is simpler than
those given in previous studies.
4. Summary
We have performed fully relativistic first-principles density functional calculations for non-magnetic
B20-type CoSi with SOI. The calculated band structures around the Fermi energy show k-linear dis-
persion expressed by a real-spin Weyl Hamiltonian, i.e., mass-less Dirac Hamiltonian. We found
the hedgehog-like spin textures in momentum space on the isoenergy surface around the Γ point.
The Fermi velocity for the linear dispersion is about 0.22vgF , where v
g
F is the Fermi velocity of
3
graphene. Our findings provide the basis for the further studies on noncentrosymmetric superconduc-
tivity [12, 13] and spin related transport properties [34, 35] in B20-type materials.
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Fig. 1. (Color online) Fully relativistic calculated band structure of CoSi, a wide energy range covering 2
eV above/below the Fermi energy (a) and around the Fermi energy (b). The origin of the energy is taken at
the Fermi energy. The high-symmetry k-point symbols in the first Brillouin zone are denoted as Γ(0,0,0),
X(0.5,0,0), M(0.5,0.5,0), R(0.5,0.5,0.5), -M(-0.5,-0,5,0) by the pi
a
unit.
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Fig. 2. (Color online) Fully relativistic calculated band structure around the Γ point for CoSi with calculated
spin polarization. (a) The band structure of the extracted k-linear dispersion, (b) the band structure above the
Weyl point. (c) The isoenergy (0.06eV) line with calculated spin polarization on kx − ky plane (kz = 0).
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Fig. 3. (Color online) Calculated spin polarization on the isoenergy surface for 0.2eV above the Fermi energy
for (a) the parabolic band and (b) the Dirac cone band.
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